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1. Introduction 

Non-BPS branes in type II string theory 0] have recently attracted considerable 
attention. On one hand they are of interest because the are stable, non-perturbative 
states in string theory without preserving any supersymmetry. These states are there- 
fore important to gain a deeper understanding of the non-perturbative spectrum of 
string theory. On the other hand, BPS D-branes have played a key role in the re- 
cent success of describing non-perturbative properties of super symmetric Yang-Mills 
theory in terms of string theory 0. The hope is now that non-BPS states could 
play a similarly important role in the analysis of non-perturbative properties of non- 
supersymmetric Yang-Mills theory. Previous work in this direction has focused on 
D-branes in non-supersymmetric type theory [^]. A successful generalisation of the 
AdS/CFT correspondence to these non-supersymmetric backgrounds of a stack of 
D-branes has however been hampered by the tachyonic instability in the closed string 
sector of that theory^ 0. 

In Sen's non-BPS branes of type II theory such instabilities in the closed string 
sector are absent. Instead one has to deal with a tachyon in the open string sector. 
However, it turns out that these instabilities can be cured by considering type II theory 
on an appropriate orbifold. In doing so stable non-BPS branes have been obtained |2|. 
While the possible application of these objects for a string-theoretic description of non- 
supersymmetric, non-abelian field theory has been suggested we are not aware of 
any concrete progress in this direction. 

In this paper we initiate a systematic analysis of the low energy dynamics of a 
stack of non-BPS branes in type II theory. In particular we construct the low energy 

^For recent progress though see Q 
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effective field theory on a stack of non-BPS 3-branes. Before proceeding it is perliaps 
necessary to clarify some subtleties that arise in the present situation. It has been 
argued that generically there is a force between two non-BPS branes generated at loop 
one loop in open string theory If so, a stack of non-BPS branes is unstable. In 
such a situation it is not clear that the effective field theory is appropriate. Indeed one 
motivation for our work is to address this question in a concrete example. In this paper 
we shall determine the low energy interactions of the light fields from tree-level string 
theory^. The effective action is then simply defined to be a local quantum field theory 
of these light modes which reproduces the correct amplitudes. It turns out that, as in 
the supersymmetric case, many of the couplings such as the gauge couplings can be 
inferred solely from geometrical considerations and T-duality. In addition, the Yukawa 
couplings are restricted by general properties of the string S-matrix such as winding 
number conservation. In this way one can fix all couplings apart from the potential 
for the scalars Xi originating in the tachyonic sector. These in turn will be fixed below 
by an explicit calculation of the four-tachyon amplitude in the presence of non-BPS 
branes. The potential obtained in this way shows some interesting features. The four 
scalar interaction {[xi, XjV) always present in supersymmetric theories arises also in the 
potential for Xij but with the opposite sign! The corresponding instability is however 
cured by another x'^-term that comes with exactly the right coefficient to transform 
this instability into a fiat direction of the potential. Note however, that contrary to 
supersymmetric theories, these new fiat directions do not lie in the commuting Cartan 
subalgebra. As a consequence, unlike in the supersymmetric case, at a generic point 
in this branch of the moduli space all scalars corresponding to the separations of the 
branes acquire masses. This in turn leads to a condensation of the non-BPS branes. 
Nevertheless, the gauge symmetry is spontaneously broken. 

We then discuss how quantum corrections affect these fiat directions within the 
field theory approximation. In vacua where Xi = the one-loop correction to the 
potential for the scalars (pj (corresponding to separating the non-BPS branes) leads 
to a repulsive force, unless the orbifold is tuned in such a way that the masses of the 
scalars from the tachyonic sector vanish. This is in agreement with a one-loop open 
string calculation ||^ and is a result of a Bose-Fermi degeneracy. However we will see 
that this degeneracy does not persist at the level of the interacting field theory and 
therefore we suspect that the effective potential will not vanish at two loops at the 
critical radii. We also consider the one loop correction to the effective potential for the 
scalars x?, which removes all flat directions in the corresponding branch when = 0. 
The new minimum prefers a non- vanishing, non-abelian expectation value of Xi- This, 
in turn induces a mass term for other scalars 0/ resulting in an attractive force between 
the branes. This raises the possibility that a stack of non-BPS branes can condense 

^See also B for a similar calculation of the tachyon potential for the DD system in type II theory. 
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even when the orbifold is not tuned precisely to criticahty. This is encouraging in 
view of a possible existence of a gravitational background dual to the field theory on 
the branes. Indeed, a necessary condition for a successful description of non-Abelian 
YM-theory in terms of these non-BPS branes is, of course, that a stack of such branes 
is stable, i.e. does not fly apart. Our result for the field theory action of these branes 
provides sufficient information to further verify this condition at higher order. We leave 
this lengthy but, in principle straightforward computation for future work. 

The rest of this paper is organised as follows. In section two we review some basic 
features of non-BPS 3-branes in type IIA string theory. In section three we determine 
the low energy field theory on parallel branes. Lastly in section four we calculate the 
one-loop corrections to the effective potentials for the scalar fields. 

2. Non-BPS 3-branes 

In this section we review the basic features of stable non-BPS branes in type II string 
theory. We will consider a non-BPS 3-brane in type IIA string theory for the sake 
of clarity. However, the generalisation to other branes is clear. We use a "mostly 
plus" metric and the conventions that indices m, n = 0, 1,2, ...,9 run over all of ten- 
dimensional space-time, /i, = 0,1,2,3 run over the 3-brane world volume, i,j = 
6, 7, 8, 9 and J, J = 4, 5 label the transverse directions. Group indices are labeled by 
a, b and we choose a hermitian basis with Tr()f:"t*) = S"''^. We will suppress all spinor 
indices. 

As explained in |jl[ the excitations of a single non-BPS D-brane are carried by 
two types of open strings with CP factor / and ai respectively. The CP /-sector is 
precisely the same as for a BPS D-brane and gives rise to massless = 4 vector 
multiplet A^, 0^, x*, A on the brane. Here A is a ten-dimensional spinor which, as a 
consequence of the GSO projection, is chiral (in a ten-dimensional sense). If there 
are N branes then the gauge group is U{N). The CP ai sector has GSO-projection 
(— 1)'^ = — 1 and hence contains a tachyonic state in its spectrum. The lightest modes 
are therefore a (real) tachyon r with ~ from the NS ground state and a 

massless a ten-dimensional fermion ip from the R ground state. The two fermions A 
and ijj have opposite ten-dimensional chirality. All fields are in the adjoint of U{N). 

The tachyonic instability of the non-BPS brane can be removed by compactifying 
the directions = a;* + Ri and introducing an orbifold T^/X4(— 1)^^, where X4 : i— >■ 
— X* and Fl is the left-moving spacetime fermion number. The effect of this orbifold 
in the /-sector is simply to remove the scalars 0* and project onto six-dimensional 
chiral fermions A+, r^^^^A_|_ = A+. This leaves an = 2 vector multiplet in four 
dimensions. In the cxi-sector the X4 also projects on to six- dimensional chiral fermions 
ijj-, r^'^^^ip_ = In addition X4 reverses the sign of the tachyon winding modes 
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and the orbifold keeps only those components which are odd under X4. Thus after the 
orbifold the hghtest field in the NS sector with CP-factor a\ originates in the ground 
state of strings with winding number one around the coordinate Xj. As there are four 
compact directions we will have eight different scalar fields associated with these 
modes, where rf is the component of the tachyon with winding number ±1 around x*. 
In particular only the combinations 



survive. Their mass is given by 



X, ^ ^ . (2.1) 
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where Ri is the radius of the compact direction x*. Thus, so as long as Ri > Rc — y 2 ' 
these lowest mass states are not tachyons and hence a non-BPS brane is stable. On 
the other hand we can tune the radii so that the mf are small compared to the string 
scale. Therefore these states are relevant for the low energy dynamics and should be 
included in the field action of the brane. 

To summarise, after the orbifold, the light fields on the non-BPS branes consist of 
an = 2 vector multiplet (A^, (j)^, A+) with gauge group U{N) coupled to a massless 
six- dimensional fermion ijj- and four massive scalars Xi all in the adjoint representation. 
Note that at the critical radius we obtain the field content of an iV = 4 super- Yang- 
Mills gauge theory. However we will shortly see that the interactions of these fields are 
never supersymmetric. 

3. Non-Abelian action for non-BPS 3-branes 

In [|I0| Sen proposed a world volume action for a single non-BPS p-brane of the form 
S = TpJ d^a^lGab + Bab + 27TaFab\[J2{dxy - V{x)] + ■ • • , (3.1) 

i 

where V{x) = 1 + fri'^x'^ + 0{x^) and the ellipses denote fermionic terms. We now 
want to find the non-Abelian action describing a stack of non-BPS 3-branes of type 
IIA string theory on the orbifold T^/X4(— 1)^^. For this we first recall that the fields 
originating in the CP-factor / are the same as for a BPS-brane. Therefore the action 
for these fields is the same as for the BPS case, i.e. an A^ = 2, U{N) gauge theory. 
For the fields originating in the Ui-sector some parts of the action (namely those up to 
0(x^)) can, in fact, be obtained from geometric considerations and T-duality alone as 
we shall now demonstrate. 
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Figure 1: Open string stretcliing between two DO-branes wliile winding once around the 
orbifold with radius R 



Consider for example a pair of non-BPS DO-branes, separated by a distance AXi, 
and a Ui-string starting at one DO wrapping around the orbifold and ending on the 
other DO. The mass of such a string is given by 



Mf 



/AX\2 N 



+ 



a' 



(3.2) 



where N is the oscillator number of the string state. Now, from (Fig. 1) (AX)^ = 
(i?j)^ + (AXj)^. This mass must then be reproduced within the world volume theory. A 
similar argument applies to the mass of ip^ which is non-zero if the cxi string is stretched 
(with no — ^ in ( |3.2| )). Thus, after rescaling the fields to the canonical dimensions in 
field theory we conclude that the effective action has the form 



S = Tt 



-igYM\+T^D^,\+ + 5(YMA+r^[0^, A+] 



(3.3) 



where £0-1 denotes additional terms involving fields from the ai-sector and D^ 
igYuiAfj., ] is the gauge covariant derivative. For simphcity we continue to label the 
fermions in terms of ten dimensional spinors and therefore the F-matrices are also 
ten-dimensional. In this notation A+ and ip- are constrained to have opposite ten- 
dimensional chiralities and the subscript ± refers to their chirality under r°^^^^^. This 
action reproduces the correct masses for the scalars (pj in the CP factor / and the 
tachyons Xi the CP factor ai. The covariant derivative arises because the cxi-sector 
fields are in the adjoint. This also follows via T-duality of the couplings [0/, Xi][4>^ y X*] 



5 



and '?/'_r^[0^, in ( p.3| ). Alternatively, one can deduce the {[4>i,Xi]Y and ilj_[(f)j,ip_] 
couplings from T-duality and fact that x ^i^nd ip are in the adjoint. 

Next we determine the remaining terms that appear in ( p.3|) . Let us first 
discuss the fermion-tachyon coupling. In addition to the terms 

^-r'[0/,^-] (3.4) 

in (|3.3| ) one might expect, in view of the similarity of ( |3.3| ) with = 4 Yang- Mills, 
further Yukawa couplings involving the tachyons Xi- If both fermions originate in the 
same sector then this coupling is excluded as it involves a trace over an odd number of 
ai's. On the other hand this does not exclude coupling of the form 

A+r^[Xfe,V^-] . (3.5) 

Indeed precisely such a coupling occurs in an = 4 super- Yang-Mills action. However, 
this coupling is excluded in the field theory limit because, due to winding number 
conservation, one of the fermions would have to have a non-zero winding number and 
therefore a mass of 0{a'). The absence of these terms is a first indication that ( |3.3| ) is 
never supersymmetric in contrast to the effective action for BPS D3-branes. 

The only remaining undetermined term in the effective action is the potential for 
the scalars originating in the tachyonic NS sector 

V{X^) = -\m\x\ - l^.r ■ (3.6) 

Since have already determined the mass term in V{xi) l^t us concentrate on the terms 
O(x^) and O(x^). To determine the exact form of these terms one can analyse disk 
three-and four point functions respectively. In fact the three-point function must van- 
ish, as can be seen in a number ways. One way is to note that the trace over an odd 
number of a\ vanishes. In addition winding number conservation implies that processes 
involving an odd number of Xi fields must vanish. This leads to a symmetry of the 
effective theory generated by Xi *^ ~Xi- Thus we are left with the four-point function 
Soiki, ■ ■ ■ , k4). The relevant graphs for this are given in Fig. 2. The rest of this section 
is devoted to calculating the corresponding amplitude and deducing the form of the 
four-tachyon term in the effective action. 

If we denote by k the "field theory" momentum (i.e. momentum tangent to the 
brane) then the full ten-dimensional momentum K of the i-th tachyon winding mode 

1 

K = k + —Wi. (3.7) 
a' 

Here Wi is the winding vector of the tachyon around the compact directions x*. The 
lowest mass states left after the orbifold have wq = {±Rq, 0, 0, 0), = (0, i-Ry, 0, 0), 
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Ws = (0, 0, ±i?8, 0) and Wg = (0, 0, 0, i^Rg). To fix the gauge we need to fix three of the 
bosonic coordinates and two of the fermionic coordinates in this correlator. The fixed 
(-1 picture) and the integrated (0-picture) vertex operators are 

= i2a'gc{x) {K ■ ^'(x)) e'^'^^") and V^^^^ = tV2^gc{x)e-^^^^e'^-^^^^ , (3.8) 

respectively. The corresponding amplitude is found to be 

Snih, ■■■,h)= 4a'g\2nY6j2^^6\j2 k^)^rf[t^\■ ■ ■ , t^^] (3.9) 

i=l 

oo 



X12X34 



where 5^ ensures the winding number conservation. In terms of the ten-dimensional 
Mandelstam variables 

S = -{Ki + K2)^ , T = -{K, + Ksy , U = -{K^ + K4)\ (3.10) 

with 

S + T + U = -2/a', (3.11) 

the amplitude takes the form 

p=i j=i 
■[(1 + a't/)Tr(t"^r^r2ri + eH''H''H''')B{-a'S, -a'T) 

+ (1 + a'T)Tr(rH"^r*r^ + r'r'eH''^)B{~a' S, -a'U) 

+ (1 + a' S)Ti{eH''H''H''^ + t''H''H''H''^)B{-a'T, -a'U)], 

where B{a, h) is the Euler beta function. The amphtude (|3.12|) has no pole at a' S = —\. 
In the bosonic string this pole is related to the tachyonic intermediary state. Its absence 
is the consistent with the absence of a three tachyon coupling, as explained above. After 
orbifolding the full four-tachyon amplitude is the given by the sum over all diagrams 
in figure 2. Winding number conservation implies that the external states must be of 
the form , , Tj~, t~ . There are two cases to consider: either i ^ j or i = j. 



Let us first consider diagrams of Fig. 2 with i ^ j. Here we find that there are 
four separate graphs which contribute to Xi^XiyXj^Xj scattering. It is helpful here to 
introduce the Mandelstam variables for the field theory momenta 

s = -{ki + k2)\ t = -{h + h)\ u = -{ki + hf. (3.13) 
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Figure 2: Different disc diagrams corresponding to tlie 4 tachyon amplitude on the orbifold 



For the four graphs of interest we find that 
S = -l/a' + s-{ml + m]) , T = -l/a' + t - [ml + m]) , U = u. (3.14) 



We may now expand the ampHtude ( 3.12 ) to lowest order in a', noting that s, t and u 
are all 0(1). In this way we find 

i=i ^ 

+ (^)Tr(r,r«]r,r^])) . (3.15) 

The pole corresponds to an exchange of a gauge boson in the u-channel. Note that, for 
i ^ ji the incoming states can only annihilate to a zero winding number state such as 
a gauge boson in the u-channel. 

Let us now consider diagrams in Fig. 2 where i = j. Winding number conservation 
now implies that there are six graphs that must be summed over. These graphs come 
in three pairs with 

S = s, T = t, U = -2/a' + u~4:m^i , (3.16) 
and similarly for the other two pairs. If we now sum of all these contributions we find 



1=1 



u 



+ ( '^—^] Tr([^"^^^][^"^^"*]) 

t — u 



+ (^— Tr([r^r2][t''^r^])) . (3.17) 
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Thus here there are only pole contributions corresponding to the exchange of a gauge 
boson. Note that for i = j it is possible for the incoming states to annihilate into a zero 
winding state in any of the three channels. Comparing ( p.l5| ) and ( |3.17|) with the tree- 



level field theory amplitude we find after a lengthy but straightforward computation 
that the string tree-level amplitude is reproduced by the following potential for the 
scalars x originating in the tachyonic sector 

^(X) = Tr (lT.^hl + ^-fT.i[x^,X,]Y + 9l^T.ix.nxA ■ (3.18) 

This is the main result of this paper. Before discussing its implications a comment 
about the uniqueness of the effective potential ( ^.1^ ) is in order. As is well known the 
effective action for tachyons is ambiguous [0 due to the possibility of replacing m^T 
by V^T. In the present situation this ambiguity can in principle arise for the term 
and should be kept in mind for the cases when rrii ^ 0. 

Let us briefly describe the classical vacuum moduli space of the theory. Of course 
without supersymmetry we do not expect any of these vacuum moduli to persist in the 
quantum theory and hence we must interpret the term moduli space loosely. We note 
that the complete potential for all the fields can be written as 



Tr 



4^^m([04, 05])^ - Ig'vM Ul^i, x^]? + 1 E ^x^ + % E({x. xAf 

I,i i ij^j 



(3.19) 

Clearly if mf < for some i, say i = 1, then the potential is not bounded from below 
because we may take only xi to be non-vanishing and thereby make the potential as 
negative as we wish. On the other hand if mf > for all i then since we have chosen 
a hermitian basis for the Lie algebra it is not hard to see that all the terms appearing 
in ( |3.19| ) are positive. Thus the potential is bounded below by zero. 



For generic values of the orbifold radii the potential is minimized by Xi = and 
[04, 05] = 0. In this case the moduli space of vacua are given by the Cartan subalgebra 
of U{N). This corresponds to a Coulomb branch with massless U{1) gauge fields. 

If mf = then there are additional branches of the vacuum moduli space that can 
arise where 0/ = 0. We are then left with the requirement {Xi^Xj} = for z 7^ j, 
ml = m'j = (and Xi = if mf > 0), i.e. this vacuum is parameterised by anti- 
commuting scalar vevs. Generically in these branches the gauge group is completely 
higgsed leaving only the massless fields from the U{1) corresponding to the overall 
translation invariance. Note that here the scalars 0/ become massive so that the 
non BPS-branes are bound together. In addition the symmetry of the theory is 
spontaneously broken. 



9 



4. One-Loop Effective Potential 



In this section we compute within the the field theory approximation the one-loop 
corrections to the tree level potentials obtained in the previous section. For simplicity 
we take all the radii to be equal and assume that there are only two non-BPS branes. 
It has been shown using open string theory that there is a one-loop repulsive force 
between the two non-BPS branes which vanishes at the critical radius R = Re- We 
will reproduce this force in the field theory approximation where it corresponds to the 
lifting of the Coulomb branch by a one-loop effective potential for the scalars (pi, when 
the (Ti-scalars Xi ^-^e set to zero. We will also discuss the lifting of the Higgs branch 
discussed above when m = and 0/ = 0. As we shall see, the one- loop quantum 
corrections remove the = vacuum, indicating that the branes can condense. 

Let us first describe the lifting of the Coulomb branch resulting in a force between 
the branes when Ri > R^ and the scalars from the ai-sector are massive. A quick way to 
compute the potential is to first consider the massless limit. In this case the field content 
becomes the same as that of = 4 super- Yang-Mills. In addition the interaction terms 
which break supersymmetry do not contribute to the 0/ effective potential at one loop. 
Therefore the effective potential is the same as for an A^ = 4 super Yang-Mills theory 
and hence vanishes on account of the Bose-Fermi degeneracy. Then, because the mass 
term only appears in the fluctuation determinant of the tachyon^, the effective potential 
at non-zero m is simply given by 



VeffiX,) = 2 [logdet(M„) - logdet(Mo) 



(4.1) 



where J^m = — |5'ab^ii(— + mf) is the fluctuation operator for the scalars in the 
ai-sector. We use the ^-function deflnition of the regularised functional determinants. 
The one-loop effective potential is then found to be (0j 5°'^5i^F + 0") 



2T:'V,ff{F) 




m' + Agl^F^' 



A2 



2\2 



-In 



A2 







\3 , fm^\] 


)1 


4 

— m 









(4.2) 



Of physical interest to us is the force between to branes 
dV^ffiF) _ 32g\ 



dF 



m 



4g2 p2 



log 



1 - log 



'm' + Agl^^F 



*We choose an N = 2 supersymmctric version of the i?^-gauge 



(4.3) 
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where A is the UV cut-off which should be set to the characteristic string scale {a') in 
the present situation [0. Here we take the one- loop mass of to vanish at^ /i = A. 
From (|33) 



\ 27ra' 



X\2 
'a') 



(4.4) 



so that 



dX 



-A 



{c — log(l + r^)^ — log 



where 



X 



ma 



A 



2m^ 



1 + 



and c = 1 — log(m^a'^ 



(4.5) 



Note that in the field theory approximation we have X"^ << a' and m^a' << 1 always. 
Nevertheless we can distinguish between r << 1 and r » 1. In the first case the force 
between two non-BPS branes is approximated by 

dVeffiX) 



dX 



-Acr, 



whereas in the second case the leading behaviour is 

9Veff{X) , , fX^\ 



(4.6) 



(4.7) 



In particular the force is repulsive in both limits. This is in agreement with the string 
theory result 0. Of course the effective potential is bounded from below however 
the minimum is outside the validity of our one-loop and field theory approximations. 
Nevertheless one does expect a stable minimum to arise in the field theory. 

Finally let us turn to the effective potential for the Ui-scalars Xi- Due to the 
absence of the corresponding Yukawa couplings in (|3.18|) only scalar and vector loops 
contribute to the effective potential. For simplicity, rather than a general background 
we consider the ansatz 



Xe 



Vi 



-0-1, 



X7 



V2 



■0-2 and X8 = X9 = 



(4.8) 



YM 

where ui, a2 and are Pauli matrices. The corresponding one-loop effective potential 
is given by 

'3 



2\2 



(4.9) 



^for /i 7^ A the effective mass will then be given by = log(/i/A). 
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The minimum of this potential is at vf = V2 = O(A^). Therefore it favours a non- 
abehan expectation value for x- This, in turn, induces a mass term for 0/ and hence 
an attraction between the non-BPS branes at tree- level in 0/. The loop correction in 
the 0-channel in a non- vanishing ^-background will be repulsive but this is should be 
of sub-leading order in Qym- 

Of course, this result is to be taken with a grain of salt as the predicted expectation 
value of Xi is beyond the range of validity of both the one-loop approximation in field 
theory and furthermore the field theory approximation altogether (A= (a')~^). A more 
reliable result should come from a two-loop computation in the field theory or, better 
still, a string loop computation in a x-background. We leave this challenge for future 
work and highlight here the possibility of brane condensation due to the existence of a 
non-trivial, non-abelian minima in the potential for Xi- 
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